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UNIT - I 

BETA AND GAMMA FUNCTIONS  

Gamma Function: [In Mathematics, the Gamma Function (Represented by the capital Greek 

Letter𝛾) is an extension of the factorial function, with its argument shifted down by 1, to real 

and complex number] 

Def: The definite integral  𝑒−𝑥∞

0
𝑥𝑛−1𝑑𝑥 is called the Gamma function and is denoted by 

 n and read as “Gamma n” 

The integral converges only for n>0 

Thus,  n =  𝑒−𝑥∞

0
𝑥𝑛−1𝑑𝑥 where n>0 

Gamma function is also called Eulerian integral of the second kind.  

Note: The integral  𝑒−𝑥∞

0
𝑥𝑛−1𝑑𝑥 does not converge if n≤0 

Properties of Gamma Function: 

1. To show that  1 = 𝟏  

Sol.  By the def of Gamma function; we have 

 n =  𝑒−𝑥
∞

0

𝑥𝑛−1 dx
 

∴  1 =  𝑒−𝑥
∞

0

𝑥1−1𝑑𝑥 =  𝑒−𝑥
∞

0

𝑥0𝑑𝑥 =  𝑒−𝑥
∞

0

𝑑𝑥 =  
𝑒−𝑥

−1
 

0

∞

 

             = − 𝑒−∞ − 𝑒0 = − 0 − 1 = 1 

∴  1 = 1 

2. To show that  n  ( 1) 1n n      where n>1. 

Sol.  By the def of Gamma function; we have 

               n =  𝑒−𝑥∞

0
𝑥𝑛−1𝑑𝑥 

          =  𝑥𝑛−1 𝑒−𝑥

(−1)
 

0

∞

−   𝑛 − 1 𝑥𝑛−2  
𝑒−𝑥

−1
 𝑑𝑥

∞

0
 (Integrate by parts) 

          =
𝑙𝑡

𝑥 → ∞

𝑥𝑛−1

𝑒𝑥
+ 0 + (𝑛 − 1)  𝑒−𝑥∞

0
𝑥𝑛−2𝑑𝑥 

           =(𝑛 − 1)  𝑒−𝑥𝑥𝑛−2𝑑𝑥
∞

0
           ∴

𝑙𝑡
𝑛 → ∞

𝑥𝑛−1

𝑒𝑥 = 0 𝑓𝑜𝑟 𝑛 > 1  
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        = (𝑛 − 1)  1n    

     ∴  n = (𝑛 − 1)  1n   

Note: 1.    1n n n   
 

           2. If n is a +ve fraction then we can write.  

               n  ( 1)( 2).............( )n n n r n r      Where (n-r)>0 

3. If n is a non-negative integer, then  1 !n n    

Proof:  From property II, We have. 

      1 ( 1) 1n n n n n n         (by property II again) 

  = 𝑛 𝑛 − 1 (𝑛 − 2)  2n    (by property II again) 

  = 𝑛 𝑛 − 1  𝑛 − 2 (𝑛 − 3)  3n   

  = 𝑛 𝑛 − 1  𝑛 − 2  𝑛 − 3 … . .3.2.1  1  

  = 𝑛 𝑛 − 1  𝑛 − 2  𝑛 − 3 … .3.2.1   ∵  1 = 1 

  = n! 

 ∴  1n  = 𝑛! (𝑛 = 0,1,2 …… . . ) 

 This shows that the Gamma function can be regarded as a generalization of the 

elementary factorial function. 

1.   Solve  9
2

  

Sol.      9
2

  9 9 7 71 1
2 22 2

   
        
   

7 7 7
1 1

2 2 2

   
      

   
 

                       = 7
2 . 5

2 .  5
2

 = 7
2 . 5

2 .  5
2 − 1 

5
1

2

 
  
 

 

           = 7
2 . 5

2 . 3
2 .  3

2
 = 7

2 . 5
2 . 3

2 .  3
2 − 1 

3
1

2

 
  
 

 

          =  7
2 . 5

2 . 3
2 . 1

2 .  1
2

  
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 2.   Solve  13
3

  

Sol:  13
3

  10 7 4 1 1. . . .
33 3 3 3

   

Note: When n is a –ve fraction 

We have     1n n n   
 

                  
 

 1n
n

n

 
   

3. Compute  1
2


 

Sol.  We have  
 1n

n
n

 
 

 

Put 






 


2

1
n

 

 
 1

21 2
2 1

2




   


 

4. Compute  5
2


 

Sol. We have
 

 
 1n

n
n

 
 

`12 

    

 
 

 
3

225 3
2 25 5

2

     


 

                  

 
2

3
1

2 22 1.
235 5.3

2

 
       

  

                 

 
 

2 3 31 12 2 22 1.
2115 15 15

2


    

   
   

.
15

8
  

Beta Function: 

Def: The definite integral  𝑥𝑚−1 1 − 𝑥 𝑛−1𝑑𝑥
1

0
 is called the Beta function and is denoted by 

𝛽(𝑚, 𝑛) and read as “Beta m, n”. The above integral converges for m>0, n>0  

Thus, ( , )m n  =  𝑥𝑚−1 1 − 𝑥 𝑛−11

0
𝑑𝑥 , where m>0, n>0 

 Beta function is also called Eulerian integral of the first kind. 
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Properties of Beta Function: 

(i).       Symmetry of Beta function; i.e., 𝛽 𝑚, 𝑛 = 𝛽(𝑛, 𝑚) 

Proof: By the def, we have 

 𝛽 𝑚, 𝑛 =  𝑥𝑚−1 1 − 𝑥 𝑛−1𝑑𝑥
1

0
 

 𝑝𝑢𝑡  1 − 𝑥 = 𝑦 𝑠𝑜 𝑡ℎ𝑎𝑡 𝑑𝑥 =  −𝑑𝑦 

When 01  yx  

10  yx  

  )(1),( 1

10

1

dyyynm n

m

 



  

    

  dyyy

m

n

11

0

1 1





 

 

   

1

1 1

0

(1 )n mx x dx  
                   

( ) ( )

b b

a a

f t dt f x dx 
     

  
),( mn  

          
),(),( mnnm    

Aliter : We know that   dxxxnm
nm 1

1

0

1 1),(
    

From properties of definite integrals, we have 

 0 0

( ) ( )

a a

f x dx f a x dx    

   dxxxnm
nm 1

1

0

1 11)1(),(
    

                  

dxxx nm 1

1

0

1)1( 

   

                  

),()1(

1

0

11 mndxxx mn  


 

             
),(),( mnnm    
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(ii).  Prove that 

/2

2 1 2 1

0

( , ) 2 sin cosm nm n d



        

Proof:  By the def, we have 

  dxxxnm
nm 1

1

0

1 1),(
    

Put  ddxthatsox cossin2sin2   

  ddx 2sin  

When 
2

1  x
   

and 00  x  

/2

2 1 2 1

0

( , ) (sin ) (cos ) 2sin cosm nm n d



          

     





dnm cossincossin2 22
2

0

22 

  

                  





dnm 12
2

0

12 cossin2 

  

              

  



dnm nm 12
2

0

12 cossin2, 

  

Note: 

/2

2 1 2 1

0

1
sin cos ( , )

2

m n d m n



       

(iii) Prove that    1,,1),(  nmnmnm   

Proof:  By the def, we have 

1 1

1 1

0 0

( 1, ) ( , 1) (1 ) (1 )m n m nm n m n x x dx x x dx            

  

    dxxxxx
nmnm

  
1

0

11
11  

  

    dxxxxx
nm  
 11

1

0

11
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   nmdxxx
nm ,1

1

0

11  


 

  Hence    1,,1),(  nmnmnm   

(iv). If m and n are positive integers, then 
   
 !1

!1!1
),(






nm

nm
nm  

Proof:  By the def, we have 

  dxxxnm
nm 1

1

0

1 1),(
    …………………….(1) 

 

 
 

 
 

  dxxm
n

x

n

x
x m

nn

m 2

1

0

1

0

1 1
1

1

1

1  
















    (Integration by parts) 

 

1

2

0

1 1
(1 ) ( 1, 1)m nm m

x x dx m n
n n

 
     ……………….. (2) 

Now we have to find  1,1  nm  

To obtain this put m=m-1 and n=n+1 in equation.   (1), we have  

   2,2
1

2
1,1 




 nm

n

m
nm   

From Equation. (2) 

   2,2
1

2
.

1
, 




 nm

n

m

n

m
nm   ………………… (3) 

Changing m to m-2 and n to n+2, from (1) we have 

   3,3
2

3
2,2 




 nm

n

m
nm   

From Equation (3), we have 

   3,3
2

3
.

1

2
.

1
, 








 nm

n

m

n

m

n

m
nm  ………………… (4) 

Proceeding like this, we get 

 
      

    
    1,1

2.....21

1......321
, 




 mnmm

mnnnn

mmmmm
nm 

 

   
    

 1,1
2.....21

1.....321





 mn

mnnnn

mmm
 ………………… (5) 
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But       dxxdxxxmn

mn
mn

21

0

21

0

0 111,1




 
 

      

 
  

 
1

1
10

1

1

11

1
1

0

1
























mnmnmn

x
mn

 

From equation (5), we have 

 
   

     
 

     12.......21

!1

12....21

1.......321
,











mnmnnnn

m

mnmnnnn

mmm
nm

 

Multiplying the numerator and denominator by (n-1)!, we have  

 
   

       
   
 !1

!1!1

!112....21

!1!1
,











mn

nm

nnnnmnmn

nm
nm

 

 
   
 !1

!1!1
,






mn

nm
nm

 

Note   1: Putting m=1 in  
   
 

,
!1

!1!1
,






mn

nm
nm we have    

 
 

nn

n
n

1

!

!1
,1 




 

           2: By putting n=1, we get  
m

m
1

1, 
 

Other forms of Beta Function: 

1. To Show       
1 1 1 1

0 0 0 0

( , ) ( ) ( ) ( , )
(1 ) (1 ) (1 ) (1 )

m n n q

m n m n m n p q

x x y y
m n dx dx or dy or p q dy

x x y y
 

      

   
  

      
 

Proof:   By the def, we have 

1

1 1

0

( , ) (1 )m nm n x x dx     …………………..(1) 

Put 
 211

1

y

dy
dxthatso

y
x







  

when 0x y   and  1 0x y    

From equation (1), we have 

 
 2

1
0

1

1
.

1

1
1

1

1
,

y

dy

yy
nm

nm


































 



MATHEMATICS - III SPECIAL FUNCTIONS 

 

DEPARTMENT OF HUMANITIES & SCIENCES ©MRCET (EAMCET CODE: MLRD) 8 

 

1

1 1 2

0

1
. .

(1 ) (1 ) (1 )

n

m n

y dy

y y y

 

 


  
 

   1 1

1 1 2

0 0

dy dy
(1 ) (1 )

n n

m n m n

y y

y y

  

    
 

  
 

        

1

0

( , ) dx
(1 )

n

m n

x
m n

x


 


 

 …………………..(2) 

Again since Beta function is symmetrical in m and n, we also have  

          

1

0

( , ) dx
(1 )

m

m n

x
m n

x


 




 ………………….. (3) 

Hence 
1 1

0 0

( , ) dx dx
(1 ) (1 )

n m

m n m n

x x
m n

x x


  

 
 

  
 

 

2. To show 
1 1 1

0

( , ) dx
(1 )

m n

m n

x x
m n

x


 






  

Proof:  We have  

     
dx

x

x
dx

x

x
dx

x

x
nm

nm

m

nm

m

nm

m


























1

1
1

0

1

0

1

111
),( …………………..(1) 

Now consider 
 

dx
x

x
nm

m








1

1

1  

Put 
y

x
1

  so that ,
1

2
dy

y
dx    

When 1 1x y  
 

and 0x y 
 1

01

2

1 1

1

1
dx dy

1(1 )
(1 )

m

m

m n
m n

yx

x y

y



 




 
 

     
  

 
 

   

1 11

2 1 2

0 0

1

1 1 1
. dx dy

(1 ) (1 )

m nm

m n m m n

m n

yy

y y y y y

y



  



 
  

 

        
dx

x

x
dy

y

y
dy

y

y
nm

n

nm

n

nm

mnm

 




















1

0

1
1

0

1
1

0

21

111  

Hence Equation (1) becomes 

 

1 11 1

0 0

(m,n) dx dx
(1 ) (1 )

m n

m n m n

x x

x x


 

 
 

  
 

1 1 1

0

(m,n) dx
(1 )

m n

m n

x x

x


 




 


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3. To show
1

0

(m,n) dx
(ax b)

m
m n

m n

x
a b

 




   

Proof:  We have,
1 1

0 0

dx dx
(ax b)

x 1

m m
m n m n

m nm n

m n

x x
a b a b

a
b

b

  






  

 
 

   

Put 
a

by
xanddy

a

b
dxTheny

b

ax
 ..

 

When 0 0x y   and x y  
 1

1

0 0

dx dy
(ax b) (1 y)

m

m m n
m n

m n m n m n

by

x a b ba
a b

b a



 

  

 
 
  

  
 

1 1

1

0

dy
(1 y)

m m
m n m n

m m n

b y b
a b

a a

  
 

 



 

1

0

dy
(1 y)

m m
m m

m m n

b y
a b

a

 






 

 

1 1

0 0

( , )
(1 ) (1 )

m m

m n m n

y x
dy dx m n

y x


  

 
 

  
 

4. To show

1 1 1

0

(1 ) ( , )

(x ) (1 )

m n

m n n m

x x m n
dx

a a a

 






 
  

 

Proof:  By the def, we have 

  

1

1 1

0

( , ) (1 )m nm n x x dx   
 

……………………(1) 

Put 
 

ay

ya
x






1

 

2 2

( )1 (1 0) (1 )
(1 )

( ) ( )

y a y a a
dx a dy dy

y a y a

    
   

    

When 0 0x y   and 1 1x y  
 

 

Now equation (1) becomes 

 
 
 

   
 

dy
ay

aa

ay

ya

ay

ya
nm

n

m

mm

2

1
1

0 1

11
11

1.
1

,






























 

 
 

 
 

dy
ay

aa

ay

ayyay

ay

ya
n

m

mm

2

1
1

0 1

11
1

.
1





























 

 
 

  dyaya
ay

yaa n

nm

mm
11

0 211

1

.
1 









 

 

 
 

  dyya
ay

yaa nn

nm

mm
11

1

0

1

1.
1 









 
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 
 

 
 

 
 

dx
ax

xx
aady

ay

yy
aa

nm

nm
mn

nm

nm
mn

 

















1

0

11
1

0

11 1
1

1
1

 

 
 

 
 mnnm

nm

aa

nm
dx

ax

xx







 



1

,11

0

11 

 

5. To show 
1 1 1( ) (a ) ( ) ( , ), 0, 0.

a

m n m n

b

x b x dx a b m n m n          
 

Proof:  We have 

  

1

1 1

0

(m,n) (1 )m nx x   
 

Put 
ba

dy
dxthatso

ba

by
x









 
When 0x y b   1x y a  

 11

(m,n) 1

nma

b

y b y b dy

a b a b a b



     

      
      


 

    

1 1

1 1

( ) ( )
.

( ) ( )

a m n

m n

b

y b a b y b dy

a b a b a b

 

 

   


  
 

    

1 1 1 1

1 1 1 1

( ) ( y) ( ) ( )
dy

( ) ( )

a am n m n

m n m n

b b

y b a x b a x
dx

a b a b

   

     

   
 

  
 

1 1
1

1

(x ) ( )
( ) ( , )

( )

a m n
m n

m n

b

b a x
dx a b m n

a b


 
 

 

 
  


 

 

PROBLEMS 

 

1.    S.T 






 
 2

1
,

2

1

2

1
cossin2

0

nm
dnm 



 

Sol:   


dd nmnm cossincossincossin 12

0

12

0



 

 

                                        
      



d
n

m

cossincossin 2

1
2

2

1

2

0

2





 

Put
2

cossinsin2 dx
dthatsox  

 

       

1 1 12

2 2

0 0

1
sin cos (1 )

2

m n

m n d x x dx



  
 

   
 

  

1 11
1 1

2 2

0

1 1 1 1
(1 ) ,

2 2 2 2

m n
m n

x x dx 

    
    

   
  

    
 


 

Aliter: We have  nmdnm ,
2

1
cossin 122

0

12 




 …………………… (1) 

and
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Put 
2

1

2

1
12,12







q
nand

p
mthatsonqmp

 

Then (1) becomes 






 
 2

1
,

2

1

2

1
cossin2

0

qp
dqp 



 








 
 2

1
,

2

1

2

1
cossin2

0

nm
dor nm 



 

2.   Solve 

1

2
0 1

x
dx

x
  

Sol:   Put
2x y  so that 

1

2
1

2 2

dy
dx y dy

x



 

 
When 0 0,x y and   1 1x y  

 1
1 1 12

2

2
0 0

1 11 1
1

0 1 12 2

0 0

1

211

1 1 1 1
(1 ) y (1 ) 1,

2 2 2 2

x y
dx y dy

yx

y y dy y dy 








 


 
      

 

 

 
 

3.    Solve 

3

2
0 9

dx

x
  

 Sol: Put
2 9x y so that dx=

1

2
3

.y
2

dy


 

    dyyydxx
x

dx
2

12

1
1

0

2

1
3

0

2

3

0
2 2

3
.999

9




 




 

        

  dyyy 2

11

0

2

1

1
3

1

2

3 

 
 

       

1 1 1
1 1

2 2

0

1 1 1 1
(1 ) ,

2 2 2 2
y y dy 

   
    

 


 

4.    S.T   










 1,

11
1

1

0
p

n

m

n
dxxx

pnm   

 Sol:  Put
nx y  so that 

1
dx

n


1
1

ny dy


 

    dyy
n

yydxxx n

n
pnmpnm



 
11

0

/

1

0

1
11

 

    

  dyyy
n

pn

nm

 


1
1

1

0

1

 

  

  
















 1,
11

1
1 11

1

0

1
1

p
n

m

n
dyyy

n

pn

m



 

5.    S.T    
1

1 1 1

1

1 1 2 ( , )
m n m nx x dx m n
   



      
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Sol:  We have     dxxxnm
n

m
11

0

1 1,




 

 

Put dydxthatso
y

x
2

1

2

1





 

             

 
 

dy
yy

nm

n

m

m

2

1
.

2

1
1

2

1
,

11

1

1

1 














 



 

 

                                            

   
    dxxxdy

yy n

m

nmnm

nm
1

11

1

1

1

1

1

11

11
2

1

2

11 
















 
 

   

     nmdxxx nmnm
,211 1

1

1

11







 

6.    P.T 

1

5
0

1 2 1
,

5 5 21

xdx

x

 

  
 

  

Sol:  Put dyydyydxthatsoyxyx 5

4
1

5

1

5

1

5 .
5

1

5

1






 
        When 0 0,x y and   1 1x y  

 1
1 1 5

5
0 0

1
.
511

xdx y

yx
 


 

14 3 1

5 5 2

0

1
(1 )

5
y dy y y dy
  

 
 

                                                               

1 2 1
1 1

5 2

0

1 1 2 1
(1 ) ,

5 5 5 5
y y dy 

   
    

 


 

7.     Evaluate 


1

0 5

2

1 x

dxx
in terms of Beta function 

Sol:  Put dyydxthatsoyxyx 5

4

5

1

5

5

1


  

        When 0 0,x y and   1 1x y  

 

      

2
1 12 5

15
0 0 2

1

51 (1 )

x dx y

x y

 
 

 
14 2

5 5

0

1

5
y dy y
 

 
1

2(1 y) dy




 

                                              

1 3 1
1 1

5 2

0

1 1 3 1
(1 y) ,

5 5 5 2
y dy 

   
    

 


 

8.    S.T        1,1
1




 nmabdxxbax
nmnb

a

m
  

 Sol:  Put ( ) ( )
y a

x a b a y or x
b a

 
     

 so that ( )dx b a dy 

 
         When 0,x a y and   1x b y  

 

    
1

0

( ) (b ) ( ) y ( ) (b )

b
m nm n

a

x a x dx b a b a b a y a dy        
 

                                     

1

0

(b ) (b a) (1 ) ( )m m n na y y b a dy    
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1

1

0

(b ) (1 )m n m na y y dy   
 

                                     

1

1 ( 1) 1 ( 1) 1

0

(b ) (1 )m n m na y y dy       
 

                                        1,1
1




nmab
nm


 

9.   S.T

1

0

( , )
( )

m
n

m n

x
dx a m n

x a


 






   

 

 Sol:   We have 

1

0

( , )
(1 )

m

m n

x
m n dx

x


 




  

              Put 
a

dy
dxthatso

a

y
x 

 

     

1 1

1
0 0

1 .a
( , )

( )
(1 )

m m m n

m m n
m m n

y dy y
m n dy

y a a a y
a

a


   


 

  



 

 

                                                             

1

0
( )

m
n

m n

y
a dy

y a

 





 

                                      

1

0

1
( , )

(x )

n

n m n

x
m n dx

a a


 


 


 

                     Hence 

1

0

( , )
( )

m
n

m n

x
dx a m n

x a


 





  

Relation between   function 

P.T. 
   

 
( , )

m n
m n

m n


 


   , m>0, n>0   
 

Proof:   By the def of    function 

        

  1

0

x mm e x dx



     

         Put dttdxtx 22 
 

       When 00  tx and x t 
 

   

 
2 22 1 2 2 1

0 0

( ) 2 2t m t mm e t tdt e t dt

 

         

      

 
2 2 1

0

2 t mm e t dt



     

   

 
2 2 1

0

2 x mm e x dx



     

Similarly, 

       
2 2 1

0

2 y nn e y dy



     
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   
2 22 1 2 1

0 0

4 .x m y nm n e x dx e y dy

 

         

                  

2 2( ) 2 1 2 1

0 0

4 x y m ne x y dxdy

 

       

Transforming to polar coordinates 

 rdrddxdyandryrx  sin,cos
 

r is varies from 0 to   and   is varies from 0 to 
2


 

   
2

2
2 1 2 1 2 1 2 1

0 0

4 cos sinr m m n nm n e r r rdrd



  


          

                  

2
2

2( ) 1 2 1 2 1

0 0

4 cos sinr m n m ne r drd



  


        

                  

2
2

2( ) 1 2 1 2 1

0 0

2 .2 cos sinr m n m ne r dr d



  


      
     

                  

 . ( , )m n m n 

 

 

 

   

 
( , )

m n
m n

m n


 
 

 
 

1.   S.T 
1

2


 
  
      

 

Sol:  We know that 
   

 
( , )

m n
m n

m n


 


   , m>0, n>0
 

      Taking m=n=
1

2
, we have  

2
1 1

1 1 12 2
, .......(1) 1 1

1 12 2 2

2 2



   
                               

 
 

      But 
1 1

,
2 2


 

 
 

1 11 1 1 1
1 1

2 2 2 2

0 0

(1 ) (1 )x x dx x x dx
 

 

   
 

      Put 
2sinx   so that dx=2sin cos d  

 
      When 0 0,x and   1

2
x


  

 

    
1 1

,
2 2


 

 
 

2 2

2
0

0 0

1 1
.2sin cos 2 2[ ]

sin cos
d d

 



    
 

  
 

                         












 0

2
2

  

  From Equation (1)

2

1 1

2 2
 

    
       
    

 

 

2.   To show that 
2

0
2

xe dx




   
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Sol:  We have  
2 1

0

x nn e x dx



   
 

            Taking 
1

,
2

n   we have 
1

2

0

1

2

xe x dx

 

 
  
 

  

            Put tdtdxthatsotx 22 
 

            When 00  tx and x t 
 

 

            

2 2
1

2 2

0 0

1
( ) 2 2

2

t te t tdt e dt

 

  
   

 
 

 

               

2

0

1
( )2

2

xor e dx



  
  

 


                            

1

2


  
   
    

                  

2

0
2

xe dx




   

Note:   1. 
2

0

2

xe dx




  

2. 
2xe dx 







  

3.  n
 
is defined when n>0 

4.  n
 
is defined when „n‟ is a negative fraction. 

5. But  n
 
is not defined when n=0 and „n‟ is a negative integer 

3.  P.T.
 

   1
sin

n n
n




   

   
 

Proof:  We know that  

1

0

( , )
(1 )

n

m n

x
m n dx

x


 





 

Also we have 
   

 

.
( , )

m n
m n

m n


 


   

   

 

1

0

.

(1 )

n

m n

m nx
dx

x m n

 



 
 

  
 

 
Taking m+n=1 so that m=1-n, we get 

 

   

 

1

0

1

1 1

n n mx
dx

x

    


 
            

 1 1 
 

(or)     1n n   
1

0

...........(1)
1

nx
dx

x

 

  

 

 

 

We have   ,

2

2

0

(2 1)
cos

1 2 2

m

n

x m
dx ec

x n n

 






Where m>0, n>0 and n>m 
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Put havewes
n

m
andtx n ,

2

122 



 

2 1
2 2

0

.
cos

(2 )(1 ) 2

m
n nt t

dt ec
n t t n





 s

 
2 1 1

2 2

0

1 .
( ) cos

2 1 2

m
n nt t

or dt ec
n t n





 s

 

( )or

2 1
1

2

0

cos
1

m

nt
dt ec

t






 s

 
1

0

( )
1 sin

st
or dt

t s





 


  

1

0

( )
1 sin

sx
or dx

x s





 


  

1

0

( ) .........(2)
1 sin

nx
or dx

x n





 


  

       From equation (1) and (2) we have    1
sin

n n
n




     

4.  S.T.  n =  
1

1

0

1log , 0
n

dx n
x



   

Sol:  We have   1

0

x nn e x dx



    ………………….(1) 

Putting 
1

log logx y
y

    

dxedythatsoeyor xx  )(  

dy
y

dx
1

  

Equation (1) becomes 

     

   

0 11 1

1 0

1
1

0

11 1log . . log

1log

n n

n

n y dy dy
y yy

n dx
x

 



   

 

 



 

5.   Evaluate i.  
1

24

0

1x x dx  ii.  
2 1

3 3

0

8x x dx  

Sol. (i).      
1 1

3 14 2 5 1

0 0

1 1 5,3x x dx x x dx 
      

   

 

   

 

5 3 5 . 3 4!2! 4!2 1

5 3 8 7! 7 6 5 4! 105

   
    

     
 

       (ii).
 

1 2

3 3 3
2

8 2 .
3

Let x y x y dx y dy


    
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 When 1200  yxandyx  
 

   
2 1 1 21 1

3 3 33 3

0 0

2
8 2 8 8 .

3
x x dx y y y dy



    
 

                            

 

1
1 113 2 41 1

3 3 3

0 0

8 8
(1 ) 1

3 3
y y dy y y dy




 
    

 

                            =
8

3

2 4
,

3 3

 
 
 

                    1
sin

n n
n





 
    

 
 

                            =
8

9  
16

9 3sin
3

 


  

6.  Evaluate  

72
5 2

0

sin cos d



     

Sol.  We have  
2

2 1 2 1

0

1
sin cos , ........(1)

2

m n d m n



        

Put 
4

9

2

7
123512  nnandmm

 
∴ Equation (1) becomes 
 

   
 

72
5 2

0

93 .1 9 1 4
sin cos 3, .

92 4 2 3
4

d



   
  

  
   


 

 

     

   
 

 
 

9 93 2!.1 14 4
. .

21 212 2
4 4

  
 

 

 

      
 

 

9
644

17 13 9 19899. .
44 4 4


 



 

7.  Evaluate (i). 
24

0

3 x dx





   

Sol.  Since 
3log3 e  

 
2 24 4 log33 x xe    

 

2 24 4 log3

0 0

3 x xdx e dx

 

    

Put 
3log2

3log2
dy

dxthatsoyx 
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2 2 24

0 0 0

1
3 .

2 log3 2 log3

x y ydy
dx e e dy

  

      
 

     

1
.

2 16log32 log3 4 log3

  
  

 
 

8.  When n is a +ve integer. P.T.  
1

2 1.3.5.... 2 1
2

n n n 
 

    
   

 

Sol.  We know that    1n n n    ……………………. (1) 

     

1 1 1 1
1

2 2 2 2
n n n n
       

                
       

 

1 3 1 3 3
1 .

2 2 2 2 2
n n n n n
        

                 
        

 

1 3 5 5
. .

2 2 2 2
n n n n
      

           
                
2 1 2 3 2 5 2 5

. . .
2 2 2 2

n n n n    
  

 
 

 

2 1 2 3 2 5 3 1 1
. . ....... . .

2 2 2 2 2 2

n n n    
  

 
 

             

   
.

2

1.3.....523212
n

nnn 


       

    
   

1
2 2 1 2 3 2 5 .....1

2

n n n n n
 

       
 

  

9.  P.T.    2 1 1
2 . 2

2

n n n n   
     

   

Sol.  By def, we have    
1

11

0

, 1
nmm n x x dx
 

 

 

 
   

 

1

1 1

0

.
( ) (1 ) , ...........(1)n m

n m
or x x dx n m

n m
 

 
  

 
  

 

Put  ddxthatsox cossin2sin2 

 

From equation (1)  
   

 

2
2 2 2 2

0

.
sin cos 2sin cosn m

n m
d

n m



   
 


 

 

   

 

2
2 1 2 1

0

.
( ) sin cos

2

n m
n m

or d
n m



   
 


  ………………………….. (2) 

 

Putting 1 (2),
2

m inequation we get

 



MATHEMATICS - III SPECIAL FUNCTIONS 

 

DEPARTMENT OF HUMANITIES & SCIENCES ©MRCET (EAMCET CODE: MLRD) 19 

 

 
 2

2 1

0

1
.

2
sin .

1 12
2

2 2

n

n
n

d

n n




 

 
     

   
      
   


………………………….. (3) 

 

Now putting m=n in equation (2), we get 

 

  
 

2
2

2 1 2 1

0

sin cos
2 2

n n
n

d
n



   





 

  
 

 

2
2 2

2 1 2 1

2 1 2 1

0 0

1 1
( ) 2sin cos sin 2

2 2 2 2

n n

n n

n
or d d

n

 

     
 

 


 

  
 

2
2 1

2 1

0

1 1
. sin ( 2 )

2 2

n

n
d put



   


 

 

2
2 1

2

0

1
2 sin

2

n

n
d



  

 

  
 

 
2

2 1

1
. .

12 2 2 2

2

n

n n

n
n




 
 

  
  
   

            
   2 1 1

2 . 2
2

n n n n  
      

   
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