MATHEMATICS - 11| SPECIAL FUNCTIONS
UNIT -1

BETA AND GAMMA FUNCTIONS

Gamma Function: [In Mathematics, the Gamma Function (Represented by the capital Greek
Lettery) is an extension of the factorial function, with its argument shifted down by 1, to real
and complex number]

Def: The definite integral foooe‘x x"~1dx is called the Gamma function and is denoted by

F(n) and read as “Gamma n”

The integral converges only for n>0

Thus, T'(n)= [,"e™ x"~'dx where n>0

Gamma function is also called Eulerian integral of the second kind.
Note: The integral fooo e~ x"~1dx does not converge if n<0
Properties of Gamma Function:

1. To show thatT'(1)=1

Sol. By the def of Gamma function; we have

I'(n) =J e * x"1dx
0

[o0] [e¢] —X

e

F(l) =f e ¥ xl‘ldx=f e x°dx=J e ¥ dx=[ ]
0 0 0 -1l

= —[e‘m—eo] =—[0—-1]=1

2. To show that"(n) =(n—1)[(n—1) where n>1.
Sol. By the def of Gamma function; we have

r(n)= [ e™*x"tdx

= [x"—l (6—1)]0 — [ (n—1Dx"72 (e_—l) dx (Integrate by parts)
-y n—1) [ e™*x"2dx
X > oo e 0

(_ It xn1

—( ® _—x.,n=2
=(n—1) [, e x"?dx sl

=0f0rn>1)
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=(n-1)I(n-1)
~T(n)=m-1)I(n-1)
Note: 1. T'(n+1)=nI'(n)

2. If nis a +ve fraction then we can write.

L(n)=(M-)(N-2)............. (n—r)I'(n—r)Where (n-r)>0
3. If n is a non-negative integer, then I'(n+1)=n!

Proof: From property Il, We have.

I'(n+1)=nr'(n)=n(n-DI(n-1) (by property Il again)
=n(n—-1(Mn-2)T(n-2) (by property |1 again)
=n(n—1(1n—-2)(n—-3)(n-3)
=n(n—1Dn-2)(n—-3)...3.21 (1)

=nn—-1n-2)(n-13)...3.2.1 v (1) =1
=n!
~T(n+) =nl(n=012......)

This shows that the Gamma function can be regarded as a generalization of the
elementary factorial function.

1. solve (%)

sol - 1(95)-(3-2Jr(5 1) 7574 3 3
=71y V(%) = - (o= 1)1 31
=715y 320 (35) = oS- Ca= 31

= 735133/ Y- 1(¥%)
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MATHEMATICS - 11l SPECIAL FUNCTIONS
2. Solve F(l%)

sol: 7(134) =207 2 1 (1)

Note: When n is a —ve fraction

We have I'(n+1)=nI'(n)

F(n)=M

n
3. Computel‘(—%)
r(n+1)

Sol. Wehavel'(n)= (n

Putn = (Llj
2

4, Computel‘(‘%)

Sol. We have I'(n) = r

2
2 =45 +1) o3 _98 _
A N SYPVINE N N
2

Beta Function:

Def: The definite integral fol x™~1(1 — x)"1dx is called the Beta function and is denoted by

B (m,n) and read as “Beta m, n”. The above integral converges for m>0, n>0
Thus, g(m,n) = fol x™ (1 — x)* 1 dx , where m>0, n>0

Beta function is also called Eulerian integral of the first kind.
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MATHEMATICS - 11 SPECIAL FUNCTIONS

Properties of Beta Function:
(i).  Symmetry of Beta function; i.e., B(m,n) = f(n,m)
Proof: By the def, we have

Bm,n) = [ x™ (1 —x)"dx

put (1 — x) = y sothat dx = —dy

When Xx=1=y=0

x=0=>y=1

m-1

L pmm)=[{L-y) y"i(-dy)

O e

X" (11— x)"dx .T f (t)dt =.T f (x)dx

= p(n,m)
- p(m,n) = B(n, m)
1
Aliter : We know that S(m,n) = j X" 11— x)"tdx
0
From properties of definite integrals, we have

.T f (x)dx =.T f (a—x)dx

0

. B(m,n) = I @—x)" 11— x)]""dx

(1—x)"*x"dx

O e

= j. X" (1-x)""dx = B(n,m)

< p(m,n) = f(n, m)
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MATHEMATICS - 11 SPECIAL FUNCTIONS

72

(ii). Prove that B(m,n) =2I sin®™* @ cos*" d o
0
Proof: By the def, we have
1
A(m,n) = j X" (1 x)" " dx
0

Put x =sin’ @ so that dx=2sindcosddé

= dx=sin20d6
When X:1:>9:7Z.2 and x=0=6=0

72

- A(m,n) = j (sin? &)™ *(cos? 6)"*2sin & cos OdO
0

%
= 2.[sin2”"2 6cos*"? @sinfcosHdo
0

%
=2 jsinzm’1 6cos®"t 0 do
0

T

2
= p(m,n)=2 J's.inz'“‘l Ocos’™ 9 dé
0

7l2

Note: I sin*™* @cos™ " 6d = %ﬂ(m, n)
0

(iii) Prove that g(m,n) = ﬂ(m +1, n)+ ﬂ(m, n +1)

Proof: By the def, we have

LMm+Ln)+ (M n+1) = j X" (1—X)" " dx + j‘ X" (1-x)"dx

[xm(l— X))+ X" (1 x)"! }jx

O ey

- j‘ X" (L %) [x+ (L x)Jdx
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MATHEMATICS - 11 SPECIAL FUNCTIONS

1
_[x”“l (1—x)""dx= g(m,n)
0

Hence A(m,n)=A(m+1n)+A(m,n+1)

(iv). If m and n are positive integers, then g(m,n) = w

(m+n-1)!
Proof: By the def, we have
1
,B(mn)z.[x"”l X)X (1)
0
1
L@-x)"] @-x) §
=| x™* ( } - (m —1)x™?dx (Integration by parts)
iR
1
:mT—l xm‘z(l—x)”dx=mT_1ﬂ(m—],n+1) .................... )

Now we have to find g(m—1,n+1)

To obtain this put m=m-1 and n=n+1 in equation. (1), we have

_Zﬁ(m—z,n+2)

Alm-1n+1)= —

From Equation. (2)

A(m,n)=

Changing m to m-2 and n to n+2, from (1) we have

m-3
n+2

Alm-2,n+2)= A(m—-3,n+3)

From Equation (3), we have

Blmn)="t M2 Mo e 3 ne3) . 4)

n n+l n+2

Proceeding like this, we get

mn:(m—l)(m—z)(m—S) ...... [m—(m-1)] (1) na
pm.n) n(n+1)n+2)...(n+m-2) Am=(m—2).n+(m-1)

~ (m-1)m-2)m-3)...1
“n(n+1){n+2)...(n+m-2

) ALn+m=1)..................... (5)
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MATHEMATICS - 11 SPECIAL FUNCTIONS

M2 1 n+m-2

Butﬂ(l,n+m—1):Ex°(1—x) dx=_[(1—x) dx

0

SN S

n+m-1)f-1) |

From equation (5), we have

(m-1)m-2)m-3).....1 _ (m-1)
n+1)n+2)...(n+m-2)n+m-1) nn+1)n+2)....(n+m-2)n+m-1)

ﬂ(m, n): n(

Multiplying the numerator and denominator by (n-1)!, we have

o (m—1)(n—1) _ (m—2)(n—1)
A(m,n) (n+m-1fn+m-2)...(n+2)n+Ln(n-1)  (n+m-1)
. pm,n)= =10 -1}
- pm.n) (n+m-1)

Note 1: Puttingm=1in B(m,n) %,We have

n!
2: By putting n=1, we get ﬂ(m,l)z1
m
Other forms of Beta Function:
1. To Show
(=2 [ axon] L ayenp.ay =
ﬂm’n = m+n X = m+n x(or m+n yorﬂp’q = + y
5 (L+x) o (L+X) o @L+y) o (L+y)P
Proof: By the def, we have
1
A,N) = [ X" A" (1)
0

Put X:Lsothatdx:iy2
1+y @+y)
when X=0=>y=wand x=1=y=0

From equation (1), we have
m-1 n-1
of 1 1 —dy
mn)=| | — 1- .
Alm.n) L[H yj ( 1+ yj (L+yy
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MATHEMATICS - 11 SPECIAL FUNCTIONS

n-1

I S
s +Y)™ @+y)" A+y)?

[ A (A
= —1+n+1+ dy m+n dy
£a+w HEE T s @)
© anl
mn)=|———adX .......oooiiiii 2
B(m,n) = ja+@m" )
Again since Beta function is symmetrical in m and n, we also have
© m-1
B(m,n) = —dX 3)
£a+@
Hence A(m,n) T g | X"
ence ﬂ m,n = m+n X = A Nmen X
. (L+ o (L+X)
1 ,m-1 n-1
2. To show B(m,n) = _[X +ﬁ+n
s (1+X)

Proof: We have

1 Xm—l N Xm—l
ﬂ(m n) r m+n :Lmd)('i']; de ....................... (1)
m—l
N id
Oow conslaer -[L s X)m+n

y
When X=1 =y=1 and X>o=y=0

el

1
d —|d
(1+X)m+n X= '!.(1+ )m+n( yz] y
y

1

Put x=1 so that dx:—izdy,
y

m-1

m+n

y

1 ym+n—m+1—2

_ d_J'l
“hy Y Th

Hence Equation (1) becomes

1
_.!: (1+ y)m+n 'y2

m-+n

1
= ily—mn dy
Y (A+y)

n-1 1 n-1

y X

S A VI | —,
+y)m+n y J.O(l-i- X)m+n X

1 n—

ﬂ(m’ n) = _[ _1m+n
+ X"
- p(m,n) = }a—gmr
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MATHEMATICS - 11 SPECIAL FUNCTIONS

m—l

3. memmMa%h&IWﬂx
+

mfl m-1
Proof: We have, a"b" _f—dx = a’“b”_[ X dx

aX+ b)m+n 0 bm+n (a X+1jm+n
b

put &= y.Thendx = E.dy and x = by
b a a

When x=0=y=0and x>0 =y-—>w

bl m-1
[ [T
0 aX+ b)m+n bm+n 5 (1+y)m+n a
© p.m-1 m-1
= ambniminj‘% y m+n Edy
ca (1+y)"™ a

m © m-1
—ar oYy
a" sy (1+y)

dy

'([ (1+ y)m+n dy _([ (1+ X)m+n
K- Amn)

m-1

dx = g(m,n)

4, To showf

(x+a)™" a"(l+a)"
Proof: By the def, we have

1

ﬂ@mn)=jxm4a—xr4dx ........................ (1)
0

Put x = (1+a)y
y+a

dx = (1+a) (y+a)l—-y@+0) q :a(1+a)d

(y+a)* (y+a)°

When X=0 = y=0and x=1 =y=1

Now equation (1) becomes

,B(m,n):r (@+a)"tym {1_ @+ a)yjnl (a(1+ a) dy

° (y+a)” y+a ) (y+af
1(t+a)"ty™ (yra—y-ay)  al+a)
ZI mi 7 dy
° (y+a) y+a (y+a)

=| ——————l\a—a n7ld
o (y+ a‘)m—1+n—:L+2 ( y) y

= ﬁ.a”‘l(l— y)"dy
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MATHEMATICS - 11 SPECIAL FUNCTIONS

n-1 m-1 n-1
"l+a j Mdy =a"(1+ a)mr%x

o y a)m+n o (X + a)m+n
fxm—la—x) Ao
0 (x+a)"" a"(l+a)"

5. To show .[(x—b)"‘*l(a— x)"tdx = (a—b)™"* g(m,n),m>0,n > 0.
b
Proof: We have
1
Bm,n) =[x (1-x)"*
0

Put x :y—_bsothatdx :d_yb

When x=0=y=Db and x=1=>y=a

. ty-b\"[ (y-b\]" dy
o2 2
:jl'(y—b)ml (a—b—y+b)™ dy

Y (a-b)"*  (a-b)"* a-b

_J'(y b)m—l(_? _ly)ln -1 _J'(X b)m 1(a _:)L()n—ldx
(a b) +n—1+ b)m+n

ja‘ (X_ b)mil(a — X)nildx — (a_ b)m+n—1ﬁ(m' n)

: (a_b)m+n—l
PROBLEMS
o 1 (m+1 n+1
S.T |2sin"@cos" M@ == p| ——,——
IO 2'8( 2 2 j

Sol: .[fsin"‘ Ocos’ ao = Fsinm‘l 6cos™ A(sinHcosd)d o

m-1
n-1

—r sin 9) cos 9) (sin@cos@)do

Putsin? @ = x sothatsin #cosgd@d :%

m-1 -1

sin™ @cos" 6dG == Ix 2 (1-x) = dx

b5 g L g ML N+
—‘fx ) g TR

o'-—.m\kl

Aliter: We have EsinznH fcos* o = %ﬂ(m, N) o (1)
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MATHEMATICS - 11 SPECIAL FUNCTIONS

Put |O=2m—1,q=2n—1sothatm=pT+1andn:q_”
Then (1) becomesf sin® @cos® Ao = ﬁ(pﬂ,qﬁ)
2 2 2
orFsinmacos”édeziﬂ m_+1,”_+1
0 2 2 2

2. Solve _[ —dx

«/1 NG
dy =

Sol:  Putx®=y so that dx=—=1y7dy
2x 2

When x=0=y=0,and x=1=y=1

1
1 j' 5 -1
o
-1

Zdy

o

1} "A-y)? dy - jl-l(l ) —1ﬁ(1 lj
21 y y—zoy y y—2 >
dx
3. Solve
‘([»\/9—x2

-1
Sol: Putx® =9y so that dx:%y2 dy

=il -1

dx :f(g—xz)de=j(9—9y)2-gy_zldy
0 0

2

O e
O
|
>

-1

3¢t 71
=—Iy2 -y)z dy
1 5—1 I 1 (11
A 1-y)2 dy==4| =,=
2£y (1-y)> dy Zﬂ(z 2)
4. ST jlxm(l—x“)”dleﬁ(m_”,puj
0 n n
1
Sol: Putx"=y sothat dx== y" dy
n

1 (1 )pd 1 /(1 )pl lfnd
XM= dx = y™T(l-y)P =y "
_0[ _c[y y ny y

5. S.T .l[(1+ x)" (1-x)"" dx = 2" g(m, n)
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MATHEMATICS - 11 SPECIAL FUNCTIONS

Sol:  We have B(m _[xm (1—x) "

Put x :—ysothatdx:ldy
2 2

)= [ L (-2 Ly

- Jl. L+y) 1 y)nildy __1 [@+x) @=x)"dx

m+n-1
4 2

j(1+ X1 x) i = 277 (. n)

j x _1, [zzj
1-x® 57 \5'2

1

1 -4
Sol:  PutxX’=y=x=y?® sothatdx=%y5 1dy:%.y 5 dy

When x=0=y=0,and x=1=y=1

=3

-1
y®(@-y)2dy

in terms of Beta function

7. Evaluate | x'd
. Evaluate
0 [1_X5
1 T —
Sol: Putx’=y=x=ys5 sothatdx:§y5dy

When x=0=y=0,and x=1=y=1

2
-2

Lyvgy=t jyf’ @-y)* dy

1 1

x2dx _[ ys

.([ ,_1—X5 - - y)E 5

17 o 1,.(31
= — 1— 2 d = — —y
Sly (L-y)? dy 5ﬂ(5 Zj

8. ST [ (x—a)'(b—x)dx=(b-a)""*s(m+1n+1)

Sol:  Put x:a+(b—a)y(or)[x=zT_:} so that dx = (b—a)dy
When x=a=y=0,and x=b=y=1

'T(x—a)m(b— X)" dx =j.[(b—a) y]"[b-a-(b-a)y]" (b-a)dy

= [(o-a)"y" (b-2)" (- )" (b—a)dy

0
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MATHEMATICS - 11l SPECIAL FUNCTIONS
1
— (b— a)m+n+1J. ym (1_ y)n dy
0

1
— (b— a‘)m+n+lj' y(m+1)—l (1_ y)(n+1)—l dy
0

=(b-a)"" B(m+1Ln+1)

© m-1
9. S.T_[X—dx:a’”ﬂ(m,n)
. (X+a)m+n

Sol: We have A(m,n)= T(l x)”‘*”

Put x :Xsothatdx:ﬂ
a a

m— -1 m+n

I(a+y)“”“

- p(myn) = -
!am 1(1+ y)m+n a

m-1
=a .[ m+n [ly

(y+a)

o0 ,

1
S p(m,n) I e

0

m-1

Hence IX— dx=a"p(m,n)
o (X+

)m+n

Relation between g-yfunction
T(m)r(n)

r(m+n) ,m>0,n>0
Proof: By the def of I"—function

= I e x™dx
0

P.T. g(m,n)=

Putx =t* = dx = 2t dt
When x=0=t=0and Xx=c0o=t=w

= [e (1) 2tdlt = [e "t 2t
0 0
m)=2[e 't dt
0

= ZJ. e x2 g
0
Similarly,
n) — 2.[ e_y2 y2n—1dy
0
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~T(m)r(n)= 4j e 2m‘1de.e y*"dy

=4J'J'e(x+y) 2ml 2nldxdy

Transforming to polar coordinates
X =rcosd,y=rsindand dxdy =rdrd &

r is varies from 0 to « and @& is varies from 0 to %

2
e—r r2m—1 cos 2m 19r2n -1 2n 19rdrd¢9

)1
—_
3
~
)1
—_
>
~
Il
aN
O sy 8

2 - -
e " rA™N1cos?™ 9sin?"t gdrd

I
NS
O ey 8
O—=—N N oty

4

0 2
= ZI e p2m-gr o I cos’™t @sin®" odo

( +n).4(m,n)
- pm, ”)‘Fr((n3+£1))

1. ST r(%) —Jz

L(m)r(n)
(m+n) , m>0, n>0

1 1
Taking m= n—% we haveﬂ(% %J = Fr%ljl;(la) = {r[lﬂz ....... @) [ F(l) :1]
2 2

Butﬂ[— _j sz (1- x)2 dx—jx (1- x)2dx

Sol:  We know that g(m,n) =

Put x =sin?@ so that dx=2sin &cos8d o
When x=0=6=0,and x:l:gzg

K

ﬂ(llj:j'i L 2sin6cosodo - 2J.d0 2[(9]0
2 2) ysingcosd

= 2[1 - 0} =
2
. 1\T 1
From Equation (1) {F(Eﬂ == F(E) =Jr
Vz
2

2. Toshow that J.e’xzdx =
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MATHEMATICS - 111 SPECIAL FUNCTIONS
Sol:  We have F(n) =J'e‘xzx”‘ldx
0

© -1
Taking n :1, we have F(lj:jex X 2 dx
2 2) 3
Put X =t®sothatdx = 2tdt
When x=0=t=0and x=co=t=o0

© -1 ©
r(ij = e (t*) > 2tdt = 2[ e "t
2 0 0

wfel) ()

:>jex2dx=£
5 2
0
Note: 1. je‘xzdx:g

2. j e X dx = \/;

3. I(n) is defined when n>0
4. F(n) is defined when ‘n’ is a negative fraction.

5. But F(n) is not defined when n=0 and ‘n’ is a negative integer

v
3. P.T.T(n)(n-1)= &

Proof: We know that ,B(m,n)zj(lx—dx
0

Also we have g(m,n)= M

r(m+n)
T X"t r'(m).r(n)
< (L+x)™" I(m+n)

Taking m+n=1 so that m=1-n, we get

Tx“d _T(1-n)T(m)

o 1+x "= (1) r@=1
© Xn—l
—n)= o) 1
(or) T(n)r'(1-n) -([1+x N )
© 2m
We have I X o dx:icosecMWhere m>0, n>0 and n>m
o 1+ X 2n 2n
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MATHEMATICS - 11 SPECIAL FUNCTIONS

2m+1
2n

Put x*" =t and

< tz%n_t%n

J'—dt = lcosec ST
o (2n)@+1)t 2n

1 %% i

=s,wehave

(or)—j—dt - " cosec sz
2n 1+t 2n
2m+1
°°t n
(or) J' dt =z cosec sz
o 1+t
0 £5-1
(or)[+—dt=—=
o1+t sinsz
o o s-1
(or)jx dx = _ﬂ
o 1+ X sinsz
o o n-1
(on [ —dx=—"—.... )
o L+ X sinnz
From equation (1) and (2) we have I'(n)I’(1-n)= s'nﬁn
innz

4. S.T.I'(n)=

(Iog %()H dx,n>0

Sol:  We have F(n):je’xx”’ldx ...................... (1)

O ey

Putting x = Iogl =—logy
y

(or)y =e*sothatdy = —e *dx
dx = _—1dy
y

Equation (1) becomes

F(n):—!(log%)n1.y.§dy=£(log%)nldy
.-.F(n):i(log%)n_l dx
5. Evaluate i. jx“ (l—x)zdx . ix(S—x3); dx

sol. (i). jx“ (1-x)2dx = ixS-l (1-x)""dx=4(5,3)

(L) r@E)rE) a2 a2 1
S r(5+3)  T(8) 7! 7x6x5x4! 105

(ii). Letx®*=8y = x=2y3 = dx= %.yde
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MATHEMATICS - 1| SPECIAL FUNCTIONS
When x=0=y=0andx=2=y=1

2 11 1o 2
.'.J.x(8—x3)3 dx=j2y3(8—8y)3.§y 3dy
0 0
1

g 3 = 8 ¢ % )
Sy a-y)idy==[y="(1-y)*"d
3£y @-y)dy 3£y (1-y)= dy

-5 4(53) T g
8 x _1l6x
9

N

2 :
6. Evaluate jsinsecoszﬁde
0

/4

2
Sol.  We have [sin®™ 0cos™ 0do =%ﬂ(m,n) -------- @
0

Put 2m-1=5—m=3 and 2n—1=£:>n=%

=~ Equation (1) becomes

7 9
sin® @ cos? Gdezlﬁ(&gj :%__F(B)'F(A)

O v [N

=£r(3)r(%)=£2!.r(%)
2 T3 2 (%)

r
147_{43.?;(%) 1989

7. Evaluate (i). I 3¢ dx
0
Sol.  Since 3=¢"3
. 3—4><2 :e—4leog3

]?3—4x2 dx = :.ize—4x2 Iog3dx
0 0

dy
2,/log3

Put 2x4/log3 =y sothatdx =
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MATHEMATICS - 11

SPECIAL FUNCTIONS

0

TS‘“zdx = Te‘y

: : ZJIog 3 ZJIog I

0

1\/__\/_ V4

“2flog3 2 4log3 \16log3

8. When n is a +ve integer. P.T. 2”F(n+%):1.3.5....(2n—1)«/;
Sol. We know that I"(n+1)=nI'(n)
.-.r(ml]:r(n_luHn_ljr(n_lj
2 2 2 2
o3 93
2 2 2 2 2

2 2 2

_2n-12n-32n-5 3
=Ty =~
_(2n-1)2n- 2)n(2n 5)....3.1 i

.-.znr(m%j=(zn_1)(zn_3)(zn_5) ..... 17
0. P.T. 22”‘1F(n).1“(n+%j=1“(2n)\/;

1

Sol. By def, we have g(m,n)=|x""(1-x)" dx

O ey

(or) j X" (L x)"*dx= A (n,m) =% ........... @)

Put x =sin” @ sothatdx = 2sin#cosdd@
2

From equation (1) jsinz"’2 cos*™*(2sin@cosf)do = r'(n).T'(m)
0 F(n+m)

71'

I

(or)ISInz” 1 @cos™™ 16’d6’-M ................................ 2)
2I'(n+m)

Putting m= %in equation(2), we get
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MATHEMATICS - 11 SPECIAL FUNCTIONS

1

. _F(n).l‘[ j_\/; () oo @3)
sin“"~0do = zr(nJrfj = r(i:;j 3

Now putting m=n in equation (2), we get

Oy [y

2 2
‘ r
[sin®™ gcos”™ 0d6 = (T(m)
0 2 (2n)
(F(n))z 1 % - 2n-1 / n-.
(or) 2F(2n) 22“! 25|n6’cos€) 0do = z“jsmz 120d0
1% -
1 n . on
=i zfsmz Tpdp(put20=9) = n2!sm2 'pdg

(r() 1 Jz T(n)

2r(2n) 2™t 2 .F(n+ 1)
2

20 (n)r ( J J7I(2n)
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